We consider cosmological modelling in f (R) theories of gravity, using both top-down and bottomup constructions. The top-down models are based on Robertson-Walker geometries, and the bottomup constructions are built by patching together sub-horizon-sized regions of perturbed Minkowski space. Our results suggest that these theories do not provide a theoretically attractive alternative to the standard general relativistic cosmology. We find that the only f (R) theories that can admit an observationally viable weak-field limit have large-scale expansions that are observationally indistinguishable from the Friedmann solutions of General Relativity with Λ. Such theories do not alleviate any of the difficulties associated with Λ, and cannot produce any new behaviour in the cosmological expansion without simultaneously destroying the Newtonian approximation to gravity on small scales.
I. INTRODUCTION
As we approach its centenary [1] , General Relativity (GR) remains our most promising theory for describing the gravitational interaction. It has had tremendous success in describing relativistic gravity in the solar system, and in binary pulsar systems [2] . When applied to cosmology, it has resulted in the ΛCDM (or concordance) model of the Universe [3] . This model has the benefit of extreme simplicity, being based on a single universal Robertson-Walker geometry. It has also been extremely successful at reproducing a wide variety of cosmological observations, including supernovae [4] , CMB anisotropies [5] , large-scale structure formation [6] , baryon oscillations [7] , and weak lensing [8] . However, the ΛCDM model appears to necessitate the largest fine-tuning problem that has ever occurred in physics, and the apparent coincidence that we live at the exact time when the cosmological constant is just starting to dominate the large-scale expansion [9] . These problems have led many authors to consider alternative theories of gravity [10] , often based on modifications to the usual Einstein-Hilbert action that are expected to become large at low curvatures.
One of the simplest ways to extend GR is to consider gravitational theories that have field equations that are derived from the metric variation of a Lagrangian density that is a non-linear function of R: The so-called f (R) theories of gravity. Such theories have the pleasing property of being constructed entirely from the metric tensor, are well-motivated from attempts to improve the renormalizability of gravity [11] , and have often been considered in early universe physics [12] . They have also been particularly well studied in recent years, as they potentially allow the late-time accelerating expansion of the universe to be interpreted as having a geometric origin, rather than being due to a violation of the energy conditions in the matter sector.
Despite this wealth of work, very little effort has so far gone into understanding how weak-field systems can be embedded into cosmological solutions within this class of theories. Exact inhomogeneous cosmological solutions are very difficult to find, and Swiss-cheese-type constructions have only recently been considered [13] . In principle, however, the cosmological behaviour should in some way determine the boundary conditions for the weak-field systems on small scales, and the cosmological expansion should be able to be viewed as being due to bodies on small scales falling away from each other. These ideas have been made explicit in General Relativity, where there exists a deep relationship between Newtonian force laws proportional to r −2 and r, and the dust-dominated and Λ-dominated Friedmann solutions [14] . It is the purpose of the current paper to consider the corresponding situation in f (R) theories of gravity that lead to accelerating expansion at late times.
We begin by considering the Friedmann solutions of these theories, and demonstrate that there is great freedom in the large-scale evolution of homogeneous and isotropic spaces, as long as one is allowed complete freedom in choosing f (R). We then go on to consider how some particular theories, that have an evolution very close to ΛCDM today, generically exhibit growing oscillations that lead to curvature singularities at finite times. In contrast, we then consider the cosmological models that emerge from joining small regions of perturbed Minkowski space together using the appropriate junction conditions. The geometry inside each of the regions is expanded as a power series in the weak-field slowmotion limit. We find that the only theories that admit a viable weak-field limit within each of these regions are also forced to expand like ΛCDM on large scales.
This result has several interesting implications. Firstly, it suggests that the freedom-in-principle that exists in the Friedmann solutions of f (R) theories of gravity does not exist if one limits oneself to observationally viable theories. Secondly, it suggests that the potentially problematic oscillations that can occur in their Friedmann solutions do not exist if the space-time can be described as slowly-varying weak-field perturbations about Minkowski space on small scales. Thirdly, it shows that viable f (R) theories of gravity cannot solve any of the problems associated with the cosmological constant, or generalize its evolution in any way: Their large-scale evolution is identical to ΛCDM, and the effective value of Λ must be constructed from parameters that appear in the gravitational action only. In this sense, there is only a semantic difference between late-time accelerating expansion in GR with Λ, and in viable f (R) theories.
In this paper, we start in Section II by introducing the f (R) theories of gravity, as well as the mathematical tools that will be required build our models. In Section III we then continue to explore the freedom that exists in the FLRW models that are constructed within these theories, as well as the instabilities that can exist within an important class of them that is thought to be observationally viable. In Section IV we then go on to consider cosmological models built from the bottom up. we find that the models that are built in this way, and that have an observationally viable weak-field limit, have severely constrained large-scale expansions. We summarize and conclude in Section V.
II. PRELIMINARIES
The f (R) theories of gravity are a family of actionbased theories, whose Lagrangian density is given by
where R is the Ricci scalar, f (R) is a general differentiable (at least C 2 ) function of the Ricci scalar, and L m corresponds to the Lagrangian of standard matter fields. Here, and throughout, we use units in which c = G = 1.
Variation of the action A = d 4 x √ −gL with respect to the metric, g µν , yields the following gravitational field equations:
where we used f = f (R), and where primes denote functional derivatives with respect to R. The energymomentum tensor derived from varying the Lagrangian associated with standard matter fields is denoted by T µν . The Lagrangian (1) and field equations (2) are known to contain an additional scalar degree of freedom, that is not present in GR. This can be made explicit by conformal transformation of the metric [15, 16] , or alternatively by a Legendre transformation of the theory. We will return to this equivalency in Section V, but for the majority of the paper we will choose to keep the theory written as a function of the metric only, as in Eqs. (1) and (2).
Let us now consider the tools required for our top-down and bottom-up constructions: That is, the Friedmann equations and the post-Newtonian expansion.
A. Friedmann Equations
The Friedmann equations are derived using the homogeneous and isotropic Robertson-Walker geometry:
where a(t) is the scale factor, and where k is the (constant) curvature of space.
Substituting Eq. (3) into the field equations (2), and taking the matter source to be a perfect fluid, gives the Friedmann (constraint) equation as
where
is the conserved energy density of the effective f (R) dark energy, where H ≡ȧ/a is the Hubble parameter, and where ρ and p are the energy density and isotropic pressure of the perfect fluid (corresponding to standard matter fields). The Raychaudhuri (evolution) equation is
The energy density and pressure of the matter fields are related by the energy conservation equation:
while ρ R satisfiesρ
The effective equation of state for f (R) dark energy is then given by
Here, and throughout what follows, we limit ourselves to the spatially flat geometries in which k = 0. The other cases follow straightforwardly. The solutions to Eqs. (4)- (7) are the basis of the Friedmann-Lemaître-Robertson-Walker (FLRW) cosmological models, which will be discussed in Section III.
B. Post-Newtonian Expansion
The post-Newtonian expansion is a weak-field, slowmotion expansion about a Minkowski space background. It is the basis of almost all modern investigations of relativistic theory in weakly-gravitating systems [2] , and has been shown to have an almost unreasonably wide field of applicability [17] . The expansion is based on assigning all quantities (geometric, kinetic and matter) orders of smallness in the parameter ǫ = v/c, where v is the typical relative velocity of the matter fields that fill the spacetime, and c is the speed of light. For the solar system, galaxies and galaxy clusters this parameter is expected to span the range 10 −5 -10 −3 . The geometry for the lowest order part of the postNewtonian expansion can be written as
where φ, ψ and A i are all gravitational potentials. The lowest order parts of the energy-momentum are then taken to be
where i and j run over spatial indices, and δ ij is the 3-dimensional Kronecker delta. For ordinary matter content, the orders-of-smallness of each of these objects is given by
and
Each and every time derivative is also taken to add an extra order-of-smallness to the quantity that it operates on, so that
Any additional fields, such an extra scalar in the gravitational sector, must also be expanded in powers of ǫ, if the theory is to fit into the post-Newtonian framework. The procedure for solving Einstein's equations (or the field equations of the theory in question, if different to GR) is then to solve each equation to lowest non-trivial order in ǫ, before moving on to higher orders. The lowest orders in the diagonal components of Einstein's equations are given to even orders in ǫ, while the lowest order in the off-diagonal components are odd in ǫ. The Newtonian limit of the equations of motion for massive particles is then given in terms of the O(ǫ 2 ) part of φ, while the first post-Newtonian order is given by the square of the Newtonian terms, the O(ǫ 2 ) part of ψ, the O(ǫ 3 ) part of A i , and the O(ǫ 4 ) part of g 00 . The lowest non-trivial order in the equations of motion of massless test particles is given by the O(ǫ 2 ) parts of both φ and ψ, which are therefore sufficient to determine the postNewtonian effects of gravity on rays of light.
In Section IV we will construct a cosmological model by gluing together different regions of space-time, each of which is modelled using the post-Newtonian expansion described above. This will follow the methodology used in Ref. [14] .
III. THE TOP-DOWN APPROACH: FLRW COSMOLOGIES
What we call the 'top-down approach' to cosmology is, in fact, the usual way that cosmological models are constructed in the bulk of the literature. This approach starts by assuming that on sufficiently large scales the geometry of the Universe looks, in some sense, close to being spatially homogeneous and isotropic, so that it can be modelled using a Robertson-Walker geometry. It is then further assumed that this geometry should satisfy a given set of gravitational field equations, such as Eqs. (4)- (7). The former of these assumptions appears to be compatible with the majority of cosmological observations, but the latter is a purely mathematical question. Proving its validity requires proving that a local theory of gravity, such as f (R) gravity, is applicable to a nonlocal averaged, or approximate, geometry. There are a number of extremely difficult technical questions that remain to be answered in order to rigorously justify such an approach [18, 19] . Nevertheless, modelling the Universe in this way appears to be able to account for the vast majority of cosmological observations with only two unknown matter fields. It is also an extremely simple way to model the Universe, and is used almost ubiquitously. In this section we will therefore briefly review the FLRW cosmological models of f (R) theories of gravity, emphasizing in particular the aspects that are of most relevance for the bottom-up constructions we will study in Section IV.
The Friedmann equations Eqs. (4)- (7) are, in general, a difficult set of equations to solve. Different strategies have therefore been developed to understand their solutions. These include re-formulating them as a dynamical system of coupled first-order ordinary differential equations [20] , using reconstruction methods to find the theories that produce particular large-scale expansion histories [21] - [23] , as well as a range of numerical methods. In the rest of this section we will outline the reconstruction method, and what this tells us about the flexibility of the top-down approach to cosmological modelling. We will also study the FLRW cosmological models of a particularly well studied f (R) theory, using numerical methods. This latter study will provide an explicit example of the top-down approach to cosmological modelling in f (R) gravity, which can be compared to bottom-up constructions in the next section.
A. The Reconstruction Method
In this approach one assumes that the expansion history of the universe is known exactly, and then inverts the field equations to deduce what classes of f (R) theories give rise to this particular cosmological evolution [21] - [23] . That is, if we presume we know a = a(t), then we can take the following expression for the Ricci curvature scalar (20) and invert it to find an expression for t in terms of R:
This newly defined function can then be used to write all expressions, that were previously functions of t, as functions of R. That is, we can write (4) and conservation equation (7) can then be used to write
where ρ 0 is a constant, and where w = p/ρ has been taken to be the constant equation of state of the perfect fluid. This is now a second-order differential equation for f (R). As long as this equation has real-valued solutions, and as long as it is possible to invert Eq. (20), then we can always find the particular f (R) function (or functions) that reproduce a given a(t). This technique has been generalized to methods for reconstructing f (R) theories that reproduce not only a = a(t), but also functionsȧ = g(a),Ḣ = g(H) anḋ q = g(q) (where q ≡ −äa/ȧ 2 is the deceleration parameter) [22] . These results illustrate the fact that, at the level of the Friedmann solutions, there is great freedom to produce a large variety of expansion histories within the f (R) class of gravity theories. It is this freedom that has led to considerable interest in these theories as a possible explanation of dark energy (although it can be shown that GR with Λ is the only f (R) theory that can reproduce the expansion history of the ΛCDM model exactly [23] ).
In Section IV we will contrast the great freedom that exists in the large-scale expansion of the top-down approach, with the very limited behaviour that is available for observationally viable theories when built from the bottom up.
B. Numerical Methods
The methods described in Section III A are useful for illustrating the versatility of f (R) theories of gravity, but in most cases do not lead to analytic solutions (particularly for more complicated expansion histories). It is therefore also useful to consider numerical solutions to Eqs. (4)- (7), in order to gain further insight into the Friedmann solutions of these theories.
Of particular interest is the theory proposed by Hu & Sawicki [24] . This theory has proven to be extremely popular over the past few years, and is generated from the function
where R 0 , b, d and n are all positive constants. The constant R 0 has the dimensions of the Hubble parameter squared, and corresponds to the scale at which infrared modifications start to become important. Because both f ′ and f ′′ are positive, the theory has a positive effective gravitational constant and does not initially appear to posses any obvious instabilities. On the surface, this theory (and others like it [25, 26] ) therefore appear to represent viable descriptions of a cosmic acceleration at late-times, driven by nothing more than the curvature of space-time.
Indeed, equation (23) leads to the following simple picture of dynamics in this class of f (R) cosmologies. For R ≫ R 0 , the gravitational Lagrangian is effectively given by
which can be seen to be equivalent to GR with Λ, where Λ = R 0 b/2d. Only when the local curvature drops below R 0 , does the expansion rate start feeling the effect of the modification of gravity. An example of the numerical solutions to Eqs. (4)-(7) for the Hu & Sawicki theory (23) with n = 3 is presented in Fig. 1 . In producing these plots we have assumed that H(z) and q(z) take on their ΛCDM values at the present day (z = 0), and have chosen R 0 b/d = 6Ω Λ H 2 0 , so that an effective cosmological constant is obtained in the high-curvature regime. While the Hubble parameter as a function of redshift is very close to the ΛCDM value, it is clear that growing oscillations are present in the deceleration parameter, and that these oscillations translate into an effective equation of state for dark energy that varies wildly. In fact, it turns out that these oscillations lead to curvature singularities at finite times, and that such singularities are generic signatures of precisely those functions f (R) that lead to a ΛCDM action in the high-curvature regime. This instability was pointed out by Frolov [27] , and has since been studied numerically in a number of papers [28, 29] . These oscillations represent a severe drawback for the viability of such theories. Their suppression requires a careful fine-tuning of the parameters of the model, on top of what is required to set the value of the effective cosmological constant. On the other hand, they potentially provide a way of testing these theories against supernovae and growth rate measurements, since their low redshift evolution will differ from the standard model [30] . A further difficulty, for the n = 1 case, with the same initial conditions as above, is that a matter dominated epoch at high redshifts does not even exist [31] .
In Section IV we will show that these oscillations do not occur at leading order in the bottom-up constructions, as long as the slow-motion weak-field limit holds on small scales. This shows that in the FLRW models the post-Newtonian limit is destroyed on small scales when the oscillations start, but also suggests the intriguing possibility that the growth of structure in the Universe could suppress this instability. This is because nonlinear structures keep the Ricci curvature scalar (which is a single-valued locally-defined quantity) in the highcurvature regime at all points in space. A corollary of this is that the expansion histories of such theories are constrained to be very close to that of the ΛCDM model, removing much of the reason for being interested in them in the first place. We will return to these points in Section V.
IV. BOTTOM-UP CONSTRUCTIONS:
A PATCHWORK UNIVERSE What we mean by 'bottom-up constructions' are cosmological models in which the geometry of space-time in the vicinity of astrophysical objects is the thing that is solved for first, and given primary importance. This can usually be done up to the application of suitable boundary conditions, for the partial differential equations involved. Such boundary conditions are imposed by patching together a large number of sub-horizon sized regions of space-time using the Israel junction conditions. These same junction conditions simultaneously specify the motion of the boundaries between regions, and hence can be used to extrapolate the large-scale cosmological expansion of the space-time as a whole. In this approach to cosmological modelling, the field equations need only be applied locally (i.e., not to any non-locally averaged geometries), and the cosmological expansion can therefore be viewed as an emergent phenomenon, as it should be. The approach we will use here was originally proposed for GR in [14] , and was further developed in [32] . It was adapted to the study of some f (R) theories of gravity in [13] . Here we will further adapt it to study the emergence of accelerating expansion in f (R) gravity.
The situations we will primarily be concerned with are ones in which matter is clumped into highly nonlinear structures on small scales. We will then take a sub-horizon sized region of space, which we will call a "cell". We have in mind that these cells should be polyhedral. We will treat the geometry of space-time inside each of these cells as being well approximated by the post-Newtonian expansion, as outlined in Section II B. We will then consider many such cells, all the same shape, that are invariant under discrete rotations, and that are patched together about reflection symmetric boundaries. On very large scales the global geometry of space-time can then be thought of as statistically homogeneous and isotropic, while being very inhomogeneous and anisotropic on small scales. At no point in this process do we assume a global Robertson-Walker background.
While this approach is quite flexible, for definiteness we could consider each cell to contain a galaxy-sized amount of mass (∼ 10 12 solar masses), and to have a spatial extent that is similar to the inter-galactic separation in the actual Universe (∼ 1 Mpc). If we then assume that the rate of expansion of our model Universe is of a similar order of magnitude to that of the real Universe (∼ 70 km s −1 Mpc −1 ), then at the edge of each cell we will have a Hubble flow given by
The typical gravitational potential for structures of this size, separated by this distance is then
We therefore have
where ǫ ∼ 10 −4 . This is sufficient to be able to apply a weak-field and slow-motion post-Newtonian expansion of the field equations. A similar process could be considered for clusters of galaxies, which as long as the average density is unchanged, would result in an expansion parameter of order ǫ ∼ 10 −3 . Crucially, when considering general f (R) theories of gravity, we will not be able to make any assumptions about the smallness (or not), of f and f ′ . We will also have to refrain from expanding these quantities around R = 0, even though our perturbative expansion within each cell will be around Minkowski space. This is done so as to include as many f (R) theories as possible, some of which contain parameters that are small, and some of which are only expected to admit convergent power series expansions around finite values of R. We will, however, have to assume that f and f ′ can be expanded in our order-of-smallness parameter ǫ (if this is not true then the theories cannot be treated perturbatively at all). In this case we have
where superscripts in brackets denote the order of smallness of a term in the ǫ expansion. As usual in postNewtonian expansions, we have expanded these scalars in even powers of the expansion parameter ǫ.
The junction conditions we will use when joining cells together will be those found by Deruelle, Sasaki and Sendouda [33] in the absence of surface layers, and when f ′ = 0 and f ′′ = 0:
[R]
where γ ab and K ab are the first and second fundamental forms on the boundary, where a, b... are indices on the 1 + 2-dimensional boundaries, and where ∂ y is a normal derivative on the boundary. For the lattice construction described above these junction conditions provide Neumann boundary conditions for the field equations within the interior of each cell. This can be contrasted with Swiss cheese constructions, in which the boundary conditions imposed on these equations would be of Cauchy-type, and the imposition of "cosmological boundary conditions", which are often taken to be of Dirichlet-type (with the idea that weakfield solutions slowly turn into cosmological solutions at very large distances).
The geometry that will be used will be given by Eq. (11). Initially, it may seem that the zero-order equations here are completely trivial (i.e., that they are immediately solved as long as Minkowski space is a solution of the theory). However, we should bear in mind that many of the theories of interest to us at present are those that have been constructed to have interesting behaviour in f ′ when R is small. We therefore cannot immediately assume anything about the smallness of the lowest nonzero parts of f and f ′ , but instead must determine their magnitude through the field equations (2) .
From the zero-order part of the field equations it can be seen from T 
so that the leading order term in f must be O(ǫ 2 ) or smaller. The leading order term in f ′ , on the other hand, must be given by the integral of Eqs. (34) and (35):
Where β 1 , β 2 , β 3 , and α are arbitrary functions of t. However, it can immediately be seen from the junction condition [∂ y f ′ ] + − = 0, and the imposition of reflection symmetric boundaries, that we must have ∂ y f ′ = 0 at every point on the edge of every cell. Using Eq. (37), this means that we must have β 1 = β 2 = β 3 = 0.
The leading order behaviour of f ′ must therefore be spatially homogeneous, so that
This result suggests that we can consider two separate classes of theory:
• Class I: Theories that can be written as f (R) = αR + F (R), such that f ′ = α + F ′ , where α is a constant (not a function of R).
• Class II: Theories with R = R 0 + O(ǫ 4 ), where
In Class I we have all theories in which f ′(0) is not a function of R, but is instead constructed from constant parameters that appear in the gravitational Lagrangian. In this case we can integrate to find
. The Class I solutions contain most of the viable f (R) theories that have recently been considered in the literature (e.g. Hu & Sawicki [24] , Appleby & Battye [25] , and Starobinsky [26] ).
In Class II we have all theories in which f ′(0) is a nontrivial function of the Ricci curvature scalar, R. If this is true, together with the fact that f ′ is a function of t only, then the lowest order part of R must also be a function of t only. In this case we can write R = R 0 + O(ǫ 4 ), where
. Any space dependent contributions to R (2) would not be compatible with the supposition α(t) = α(R).
Let us now consider each of these two classes individually.
A. Class I Theories
In this case the lowest-order parts of F and F ′ are both O(ǫ 2 ). The equations T
00 = 8πρ and T (2) = −8πρ then give, to lowest order,
where ∇ 2 denotes a spatial Laplacian operator. Likewise, the T (2)
These latter equations require
where c 1 , c 2 and c 3 are (so far) arbitrary functions of t, with x, y and z, respectively. Combining Eqs. (39), (40) and (44) gives
which in turn allows us to note that, because
, we also have at lowest order that This tells us that c 1 , c 2 and c 3 all contain terms up to quadratic order in their respective spatial arguments only. Equation (45) then becomes
and allows Eqs. (39) and (40) to be written as
At this point it is convenient to consider the T (3) 0i = −8πρv i equations:
Substituting this into the time-derivative of Eq. (48) then gives
which on using the Eulerian continuity equation of hydrodynamics for a perfect, non-viscous fluid gives
Equations (48) and (49) can now be seen to have the solutions
where U andÛ denote the usual Newtonian potentials, including cosmological constant, and are given implicitly by the following expressions:
Now, the large-scale expansion of the cosmological model obtained from patching together our weak-field regions is given by [14] . The outward acceleration of each point on the boundary of every cell is
Or, defining the average outward expansion bÿ
where the integrals here are over the surface of a cell face, we can writeä
where G eff ≡ 3γ 2 /nαγ 1 , where M ≡ ρdV is the integral of the energy density over the volume of the cell, where n is the number of faces to a cell, and where
is the contribution to the cosmological constant from the F (R) part of the action. We have also defined the area of a cell face and the volume of the cell to be A ≡ γ 1 a 2 and V ≡ γ 2 a 3 , where γ 1 and γ 2 are constants. Of course, if the cell maintains its shape during the evolution, as expected, then we haveä =ẍ. Notice that both G eff and Λ R are constants, to the required order.
The parts of Eq. (58) that look like dust and a cosmological constant come from the normal derivative of U on the boundary of the cell. The terms involving the normal derivative of F ′ , however, do not contribute to the large-scale evolution at lowest order at all, because the junction condition [
The bottom-up cosmological solutions of all theories in this class therefore behave like GR plus Λ, with corrections appearing at O(ǫ 4 ) only. The only new behaviour possible in this sub-class arises in the interior of each cell, and is contributed by the possible presence of an O(ǫ 2 ) term in F ′ . Any such term must obey the trace of the field equations:
The solutions to this equation may or may not obey a screening mechanism, but either way do not affect the leading-order behaviour of the large-scale expansion. As F 0 behaves as the effective cosmological constant, and because F 0 must be constructed from constants that appear in the gravitational action only, this class of theories does not appear to solve any of the problems associated with the cosmological constant (i.e., why should F 0 cancel with the vacuum energy that appears on the right-hand side of field equations, and why should the value of F 0 be of the same order of magnitude as the energy density in matter at the present time?). Beyond this, one may also notice that there are no signs of the oscillations that appear in the FLRW solutions to these theories.
B. Class II Theories
In this class of theories we are unable to directly integrate f ′ in order to find the lowest-order part of f (R). We therefore resort to writing
where α = α(t) ∼ O(1). In this case, the equations T
00 = 8πρ and 2T
and the T (2) ij = 0 equations can be integrated to find
where c 1 , c 2 and c 3 are arbitrary functions of their arguments. These equations can then be manipulated to obtain
From the definition of R we also have
Now, because we have in this class of theories that R (2) = R (2) (t), we must also have that f (2) = f (2) (t) (as this is the leading order term in f , which is a function of R only). Equation (68) then shows that c 1 , c 2 and c 3 must be at most quadratic in x, y and z, respectively, so that
is a function of t only. Using this information, Eqs. (66) and (67) can be written
which have the solutions
whereŪ is the Newtonian potential that satisfies
and where "cosmological terms" refers to potentials that are independent of ρ, and proportional to r 2 . It can immediately be seen that all theories in this class have the post-Newtonian parameter
where cosmological terms have been neglected. The Chameleon Mechanism cannot apply to this class of theories, as it requires R to be inhomogeneous for it to be effective. This can be seen from the trace of the field equations, which can be written as
The solution for f ′(2) is then simply
which does not permit the type of non-trivial distributions that are required to implement the Chameleon mechanism, and suppress the propagation of the scalar degree of freedom. The fact that γ PPN = 1/2 is also evident directly from the definition of R, which gives
= − 32π 3α (1 − 2γ PPN )ρ + homogeneous terms .
For this equation to be simultaneously consistent with R = R(t), and an inhomogeneous ρ = ρ(t, x, y, z), we clearly require γ PPN = 1/2. We therefore find that theories in the class, while potentially admitting new and interesting Friedmann solutions, cannot be considered observationally viable, as they conflict with experimental probes of post-Newtonian gravity, which currently require [34] 
This is inconsistent with γ PPN = 1/2 at more than 1000σ.
V. DISCUSSION
We have studied the ability of f (R) theories of gravity to account for the present day accelerated expansion of the Universe using the top-down and bottom-up approaches to cosmological modelling. The top-down approach admits a wide variety of possible evolutions. They also tend to admit oscillations about background expansions that are close to that of the ΛCDM model. These oscillations are a potential way to distinguish between f (R) cosmology and the ΛCDM model, but they also appear to signify an instability within the FLRW models of f (R) theories.
Within the bottom-up constructions we identified two possible classes of theory, which we named Class I and Class II. The Class I theories are potentially observationally viable, and include most of the well-studied theories that have recently appeared in the literature [24] - [26] . The expansion history that emerges within this class of theories is indistinguishable from the ΛCDM model, and is not plagued by the potentially problematic oscillations that are known to occur in the Friedmann solutions of these theories. This appears to be a type of strong backreaction, and signifies that either the growth of structure suppresses the oscillations that occur in the homogeneous and isotropic solutions, or that the occurrence of oscillations destroys the weak-field limit on small scales.
The Class II theories have the potential to describe new and interesting large-scale behaviour, due to the new cosmological terms in Eqs. (71) and (72). However, it can be seen that they must all have a weak-field limit that is not compatible with observations of post-Newtonian gravity, as they have γ PPN = 1/2. The Chameleon mechanism cannot apply to this class of theories, as the lowest-order part of R must be a function of time only. So, while theories in this class are potentially capable of displaying a variety of cosmological expansion histories, we are led to conclude that they are not observationally viable on all scales.
Our key result is therefore the following: All f (R) theories that are potentially compatible with observations have expansion histories in the late Universe that are indistinguishable from GR with Λ. Moreover, the value of the effective cosmological constant in these models must be a combination of the bare cosmological constant, the vacuum energy density (ρ vac ), and a possible combination of other constant parameters that appear in the gravitational action of the f (R) theory in question:
The fine-tuning that is required to get Λ effective at the level required in order to explain observations is therefore not at all alleviated by generalising the gravitational Lagrangian from the Einstein-Hilbert one to the f (R) family. To say that theories in this class cause accelerating expansion would also appear to be misleading: The only parts of the gravitational Lagrangian that are con-tributing to the acceleration at late times are those parts that, to leading order, are constants. A natural question that arises is whether the results found above also apply to scalar-tensor theories of gravity, as the f (R) theories are known to be equivalent to a class of these theories after a Legendre transformation. To be more explicit, if we make the definition
and if we assume ϕ = ϕ(R) is invertible, so that we can make the further definition
then we are led to the following gravitational Lagrangian:
This is the sub-class of scalar-tensor theories that have vanishing coupling constant, ω = 0. In this case the field equations can be written
and the scalar field propagation equation becomes
Taking the trace of Eq. (82), and using Eq. (83), then gives
This is an algebraic relationship between the Ricci curvature scalar of the space-time, and the scalar field in the gravitational theory. It shows that in scalar-tensor theories with ω = 0 and V (ϕ) = constant that if we know information about the curvature of the space-time (by assuming it can be described by a weak-field expansion on small scales, for example), then we also know something about the scalar degree of freedom in the theory. This was a key point used in finding the results above for f (R) theories of gravity, and so we also expect our results to apply to the ω = 0 sub-class of scalar-tensor theories. This does not, however, mean that they should be expected to apply to scalar-tensor theories in general, as there is no algebraic relation between R and ϕ in general.
